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Abstract 

In this paper, we study the precise decay rate in time to solutions of the Cauchy 
problem for the one-dimensional conservation law with a nonlinearly degenerate 
viscosity d t u + d x (f(u)) = nd x ( \ d x u | p_1 <9 x u) where the far field states are 
prescribed. Especially, we deal with the case when the flux function is convex 
or concave but linearly degenerate on some interval. As the corresponding 
Riemann problem admits a Riemann solution as a multiwave pattern which 
consists of the rarefaction waves and the contact discontinuity, it has already 
been proved by Yoshida that the solution to the Cauchy problem tends toward 
the linear combination of the rarefaction waves and contact wave for p-Laplacian 
type viscosity as the time goes to infinity. We investigate that the decay rate in 
time of the corresponding solutions toward the multiwave pattern. Furthermore, 
we also investigate that the decay rate in time of the solution for the higher order 
derivative. The proof is given by L 1 , L-energy and time-weighted L 9 -energy 
methods under the use of the precise asymptotic properties of the interactions 
between the nonlinear waves. 

Keywords: viscous conservation law, decay estimates, asymptotic behavior, 
nonlinearly degenerate viscosity, rarefaction wave and viscous contact wave 


1. Introduction and main theorems 

In this paper, we are concerned with the asymptotic behavior and the time- 
decay of solutions for the one-dimensional scalar conservation law with a non- 
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linearly degenerate viscosity (p-Laplacian type viscosity with p > 1) 

| d t u + d x (f(u)) = pd x ^dxul 11 - 1 dxu'J (i>0,ieR), ^ ^ 

\ u(0,x)=Uq(x) (i e 1). 

Here, u = u[t , ir) denotes the unknown function of t > 0 and x £ R, the so- 
called conserved quantity, / = f(u) is the flux function depending only on u, n 
is the viscosity coefficient, uq is the given initial data and u is assumed to be 
asymptotically far field constant states u± as x —> ±oo, that is, 

lim u(t, x) = u± £ R (t> 0). 

#—>■±00 V ' 


We suppose the given flux / = f(u) is a C 1 -function satisfying /(0) = /'(0) = 0, 
p is a positive constant and far held states u± satisfy u- < u+ without loss of 
generality. 

We are interested in the asymptotic behavior and its precise estimates in 
time of the global solution to the Cauchy problem (1.1). It can be expected 
that the large-time behavior is closely related to the weak solution (“Riemann 
solution”) of the corresponding Riemann problem (cf. .13], [IH) for the non- 
viscous hyperbolic part of (1.1): 


( d t u + d x (f(u)) = 0 (t > 0,x £ R), 

«(0, x) = U^(x) (l £ I), 

where u q is the Riemann data dehned by 

R, v R, x / U - (* < °)» 

«oW =u 0 {x- U-,U+) := \ 

{ u + (x > 0 ). 

In fact, for p = 1 in (1.1), the usual linear viscosity case: 

d t u + d x (f(u)) = nd x u (f >0,i£l), 

u{Q,x) — Uq{x) (i e 1), 


lim u(t, x) = u± 

#—>■±00 


(*> 0 ), 


( 1 . 2 ) 


(1.3) 


when the smooth flux function / is genuinely nonlinear on the whole space R, 
i.e., /"(it) /0 (m€ R), Il’in-Oleinik [1^] showed the following: if f"(u) > 0 (u £ 
R), that is, the Riemann solution consists of a single rarefaction wave solution, 
the global solution in time of the Cauchy problem (1.3) tends toward the rar¬ 
efaction wave; if f"{u) < 0 (u £ R), that is, the Riemann solution consists of 
a single shock wave solution, the global solution of the Cauchy problem (1.3) 
does the corresponding smooth traveling wave solution (“viscous shock wave”) 
of (1.3) with a spacial shift (cf. .!)■ Hattori-Nishihara [ 3 ] also proved that 
the asymptotic decay rate in time, of the solution toward the single rarefaction 
wave (see also 1 , 1 , 0 ). More generally, in the case of the flux functions which 
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are not uniformly genuinely nonlinear, when the Riemann solution consists of 
a single shock wave satisfying Oleinik’s shock condition, Matsumura-Nishihara 
fl9| showed the asymptotic stability of the corresponding viscous shock wave. 
Moreover, Matsmnura-Yoshida [20| considered the circumstances where the Rie¬ 
mann solution generically forms a complex pattern of multiple nonlinear waves 
which consists of rarefaction waves and waves of contact discontinuity (refer to 
0 ), and investigated that the case where the flux function / is smooth and 
genuinely nonlinear (that is, / is convex function or concave function) on the 
whole R except a finite interval / := (a, b) C R, and linearly degenerate on /, 
that is, 

( f"{u) > 0 (u £ (-oo, a] U [6,+oo)), 

{ /"(it) = 0 (lie (a, b)). 

Under the conditions (1-4), the corresponding Riemann solution does form mul¬ 
tiwave pattern which consists of the contact discontinuity with the jump from 
u = a to u = b and the rarefaction waves, depending on the choice of a, b , u- 
and U- 1 _. Thanks to that the cases in which the interval (a, 6) is disjoint from 
the interval (zi_,m + ) are similar as in the case the flux function / is genuinely 
nonlinear on the whole space R, and the case U- < a < u+ < b is the same as 
that for a < U- < b < «+, we may only consider the typical cases 


a < U- < b < u+ or u- < a < b < u+. 


(1.5) 


Under the conditions (1.4) and (1.5), they have shown the unique global solution 
in time to the Cauchy problem (1.3) tends uniformly in space toward the multi¬ 
wave pattern of the combination of the viscous contact wave and the rarefaction 
waves as the time goes to infinity. It should be noted that the rarefaction wave 
which connects the far field states U- and u+ (u± £ (—oo,a] or u± £ [b, oo)) 
is explicitly given by 

U- (x < A(u_) t ), 

(A) -1 (y) (X(u-)t < x < X(u + )t), (1-6) 

u + ( x > A(u+) t .), 



where A (u) := f'(u ), and the viscous contact wave which connects u_ and u+ 
(u± £ [a, 6]) is given by an exact solution of the linear convective heat equation 


dtu + A d x u = /i d x u 
which has the form 

■u = U 


X f(b) - f(a ) A ^ n _ ^ 
A := -;- , t > U,x G 


— A t 


b — a 


; u-,u + 


(1.7) 


where U ; u_,u + ^ is explicitly defined by 


U \/t ’ U ~ ,U+ ' := U ~ 


u+ — U- 




-r 


d£ (t > 0, x £ 


( 1 . 8 ) 
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Yoshida [29J also obtained the almost optimal decay properties for the asymp¬ 
totics toward the multiwave pattern. In fact, owing to [29|, the decay rate in 
time is (1 +f)“ 5 ( 2 ~p) in the L p -norm (2 < p < +oo) and (1 + f)“3+ £ for any 
e > 0 in the L°°-norm if the initial perturbation from the corresponding asymp¬ 
totics satisfies H 1 . Furthermore, if the perturbation satisfies H 1 flL 1 , the decay 
rate in time is (1 + t)~ 2 for any e > 0 in the L p -norm (l < p < +oo) 

and (1 +t)~^ +e for any e > 0 in the L°°-norm. 

For p > 1, there are few results for the asymptotic behavior for the problem 


(1.1) (the related problems are studied in [4[, 21], [22| and so on). In the case 
where the flux function is genuinely nonlinear on the whole space R, Matsumura- 
Nishihara 0 proved that if the far field states satisfy «_ = u+ =: u , then the 
solution tends toward the constant state u , and if the far field states it_ < it+, 
then the solution tends toward a single rarefaction wave. Furthermore, Yoshida 


311 ] recently showed their precise decay estimates. In the case where the flux 
function is given as (1.4) and the far field states as (1.5), Yoshida [30] also 
showed that the similar asymptotics as the one in [2(j which tends toward the 
multiwave pattern of the combination of the rarefaction waves which connect 
the far field states and u+ (u± £ (—oo, a] or u± £ [&, oo)), and the viscous 
contact wave which connects u _ and u+ ( u± £ [a, &]). In more detail, the 
viscous contact wave is said to be “contact wave for p-Laplacian type viscosity” 
and explicitly given by 


U 


v — Xt 
1 

t P+ 1 


] = u- + 

x—X t 

/‘* (( 

1 J 

' —oo 


( 


A = A 


p,V,u± •" 


((A-Be)voy- 1 dt, (i.9) 

\ p+T 


(p-1) (u + - U-) 


y8pp(p+l)^J^ (sin0)—ddj J 

p — 1 

™ := 2 p P (p+iy 

p+l if 1 . . P±i 

24 2 (p-i) B 2 / (sind) p 1 d9 = u+— U-. 


It should be noted that the wave (1.9) is constructed by the Barenblatt-Kompanceec- 
Zel’dovic solution (see also 1, 0,0) 


v(t,x) := 


1 


/ 


(1 + 1 ) P+ 1 


A-B 


(1 + t)p+ 1 


VO 


( 1 . 10 ) 
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of the following Cauchy problem of the porous medium equation 

d t v = | v | p_1 v ) (t>-l,ieR), 

v{— 1, x) = (u + — U-) 6{x) < u + ), (1.11) 

lim v(t,x) = 0 (t > — l), 

where 5(x) is the Dirac ^-distribution. 

The aim of the present paper is to obtain the precise time-decay estimates 
for the asympotics of the previous study in [30j. 

Stability Theorem (Yoshida .‘ioj). Let the flux function f satisfy (1.4) and 
the far field states u± (1.5). Assume that the initial data satisfies u o — u ^ G L 2 
and d x uo G L p+1 . Then the Cauchy problem (1.1) with p > 1 has a unique 
global solution in time u = u{t, x) satisfying 

' «-<6C°([0,oo);L 2 )nI 00 (R + ;l 2 ), 

d x u G L°° (R+; L p+1 ), 

' d t u e L°°(R+■ L p+1 ), 

d x ( I 8 x u r 1 8 x u ) G L 2 (R+ x R x ) , 
and the asymptotic behavior 


lim sup| u(t,x) - U mu iti(t,x ; u-,u+) | = 0, 

t->oo xgR 

where U mu iti(t,x) = U mu i t i{t,x ; u_,u + ) is defined as follows: in the case 
a < u_ < b < u. j_, 


Umuitiit , x) := U ^ ^ ; U-,bj +u r ; b, u+^j 


- b 


and, in the case U- < a < b < u+, 


Umuitfit, x) := u r ( ^ ; u-, a) - a + U ( X ^ ; a,b \ + u r ( y ; b, u +j - b. 


t p +1 


Now we are ready to state our main results. 

Theorem 1.1 (Main Theorem I). Under the same assumptions in Stability 
Theorem, the unique global solution in time u of the Cauchy problem (1.1) sat¬ 
isfying 

' u — Uq G C° ([ 0, oo); L 2 ) fl L°° ( R + ; L 2 ), 
d x u G L°° (R + ; L p+1 ), 

* d t u£ L°° (R+; L p+1 ), 

d x (I d x u | p_1 d x u ) G L 2 (R+ x M,), 
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satisfies the following time-decay estimates 

j || w(t) - U mu iti{t,- ; U-,U+) || i9 < C(p, q, u 0 ) (1 + t) — ( 1— ®), 

{ || u(t) - U mu iu(t, ■ ; u-,u+) || i<XJ < C(e, p, q, u 0 , d x u 0 ) (1 + t )~^+ T+e , 
for q £ [ 2, oo) and any e > 0. 

Theorem 1.2 (Main Theorem H). Under the same assumptions in Theorem 
1.1, if the initial data further satisfies uo — Uq £ L 1 , then it holds that the unique 
global solution in time u of the Cauchy problem (1.1) satisfies the following time- 
decay estimates 


I u(t) - Umuitift. , • ; w_,w+) || L , < C(p, q, u 0 ) (1 + t) _5 *( 1_ «), 

I u(t) - U mum ( t, • ; U-,U+) || ioo < C(e, p, q, u 0 , d x u 0 ) (1 + t)~^ +e , 

for q £ [l,oo) and any e > 0. Furthermore, the solution satisfies the following 
time-decay estimates for the higher order derivative 


d x u(t) Lp+i, II^e’w(^) b) x Umulti{t, • , U— , 11+ ) 11 j^p+l 


< < 


C(p,U 0 ,d x U 0 )(l + t) (r+V* 

C{ e, p, w 0 , d x u 0 ) (1 + i) _2 (p+i) 3 (3p-2) +e 


1 < p < 


7 + V73' 


12 


7 + V73 
12 


< P 


for any e > 0. 

Theorem 1.3 (Main Theorem IH ). Under the same assumptions in Theorem 
1.2, if the initial data further satisfies d x uo £ L r+1 (r > p), then it holds that 
the unique global solution in time u of the Cauchy problem (1.1) satisfies the 
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following time-decay estimates for the higher order derivative 
| | d x u(t) | | ^r+l, 11 dl x ll(t ) d x Umulti ( ^, * , , n_j_) 11 £r+l 

_ 4p(r —p) + 7p + 3 

C(p, r, M 0 , dxu 0 ) (1 +f)“ 6p(p+i)(r+i> 


\ „ „ 7 + V73 . —4p 2 + 7p + 3 ^ ^ 

1 < p < ——, r > --- > p , 


< 


12 


2 P 


C( e, p, r, mq, d x uo ) (1 + i) (p+dV+d +e 


, 7+V73 ^ -dp 2 + 7p + 3 

1 < p < ——, p < r < - 


12 

P + 2r 


2 p 


C(e, p, r, m 0 , d x u 0 ) (1 +t) +e 

/ 7 + ^ 

12 


< P 


for any e > 0 . 

This paper is organized as follows. In Section 2, we shall prepare the basic 
properties of the rarefaction wave and the contact wave for p-Laplacian type 
viscosity. In Section 3, we reformulate the problem in terms of the deviation 
from the asymptotic state (similarly in [2(1], [3], [30]). Following the arguments 
in jl8| . we also prepare some uniform boundedness and energy estimates of the 
deviation as the solution to the reformulated problem. We further introduce 
the precise properties of the interactions between the nonlinear waves. In order 
to obtain the time-decay estimates (Theorem 1.1 and Theorem 1.2), in Section 
4 and Section 5, we establish the uniform energy estimates in time by using a 
very technical time-weighted energy method. Finally, in Section 6, we prove the 
time-decay I/ +1 -estimate for the higher order derivative, Theorem 1.3. 

Some Notation. We denote by C generic positive constants unless they 
need to be distinguished. In particular, use C(a, f3, ■ • ■) or C a ^ t ... when we 
emphasize the dependency on a,/3, •••. Use R + as R + := (0,oo), and the 
symbol “V” as 

a V b := max{a, b}. 

We also use the Friedrichs modifier ps*, where, ps(x) := jp (f ) with 
p S C£°(R), p(x) > 0 (x £ R), 

/ oo 

p{x) dx = 1, 

-oo 

and ps * f denote the convolution. For function spaces, L p = L p ( K.) and H k = 
H k (R) denote the usual Lebesgue space and /c-th order Sobolev space on the 
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whole space R with norms || • ||j> and || • \\n k , respectively. We also define the 
bounded C m -class as follows 

m 

f G #"*(fi) f G C m {n ), sup y\D k f\<oo 

n t^o 


for to < oo and 


/ G &°°(n) ^VnGNjG C"(fi), sup V I D k f I < oo 

n t'o 


where fl C R d and D k denote the all of fc-th order derivatives. 


2. Preliminaries 


In this section, we shall arrange the several lemmas concerned with the 
basic properties of the rarefaction wave for accomplishing the proof of our main 
theorems. Since the rarefaction wave u r is not smooth enough, we need some 
smooth approximated one as in the previous results in i, m E3,0, El, 
El, M- We start with the well-known arguments on u r and the method of 
constructing its smooth approximation. We first consider the rarefaction wave 
solution w r to the Riemann problem for the non-viscous Burgers equation 


d t w + d x ^ ^ w 2 ^ = 0 
w(0,x ) = Wq'(x ; w_, w + ) := 


{t > 0, x G M), 
w + (x > 0), 

w_ {x < 0), 


( 2 . 1 ) 


where w± G R are the prescribed far field states. If the far field states satisfy 


W- < w_|_, then the Riemann problem (2.1) has a unique global weak solution 

w = w r ( j ; w-,w+) given explicitly by 



I 

( W- 

(x < W-t ), 


w r (y ; w_,u; + ) := \ 

X 

1 ~t 

(u;_t < x < w+t), 

( 2 . 2 ) 

\ 

1 W+ 

( x > w+t ). 



Next, under the condition f"(u ) > 0 {u G R) and < u + , the rarefaction 
wave solution u = u r ( j ; w_, m+) of the Riemann problem (1.2) for hyperbolic 
conservation law is exactly given by 

« r (f 5 «-,«+) =(A)- 1 L’-(|; A-,A + )) (2.3) 

which is nothing but (1.6), where X± := A (u±) = f'(u±). We also consider the 
Cauchy problem for the following non-viscous Burgers equation 

d t w + d x ( 7 - w 2 ] =0 ( t > 0, x G R), 

V 2 / (2.4) 

. . . W-+W+ W+ — W- , . 

w(0,a;) = wo(x) := --- 1 ---tanha; (x G R). 
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By using the method of characteristics, we easily see that the Cauchy problem 
(2.4) has a unique classical solution 

w = w(t,x ; w-,w .(-) G [0,oo) x R) 


satisfying the following formula 

{ w(t,x ) = wo(xo(t,x)) = tanh(a; 0 (t,a:)), 

X = £o (t, x) + Wo (xo (t, x))t. 


(2.5) 


We define a smooth approximation of w r ( j ; w-,w + ) by the solution w. We 
also note the assumption of the flux function / to be A'(it) (= |^j(it)j > 0 . 


Now we summarize the results for the smooth approximation w(t,x; W -, w±) 
in the next lemma. Since the proof is given by the direct calculation as in [17], 
we omit it. 


Lemma 2.1. Assume that the far field states satisfy W- < w+. Then the 
classical solution w(t, x) = w( t, x ; W-, w+) given by (2.4) satisfies the following 
properties: 

(1) w- < w(t,x) < w+ and d x w(t,x) >0 (t > 0,x G R). 

(2) For any 1 < q < oo, there exists a positive constant C q such that 

II d x w(t) \\l«< C q (l +t)~ 1+ « (t> 0), 

II dlw{t) ||l<i< Cqil+t)- 1 (t> 0 ). 


(3) lim sup 

t->°o j-gjf 


w(t, x) — w r 



= 0 . 


We define the approximation for the rarefaction wave u r ( j ; it_,it+) by 


U r (t,x ; u-,u+) := (A) 1 (ic( t, x ; A_, A+)). (2.6) 

Then we have the next lemma as in the previous works (cf. S, 0 , Ezl, 


311). 


Lemma 2 . 2 . Assume that the far field states satisfy u- < u+, and the flux 
fauction f G C 3 (R), /"(it) > 0 (it £ [it_,it+]). Then we have the following 
properties: 

(1) U r (t,x) defined by (2.6) is the unique C 2 -global solution in space-time of the 
Cauchy problem 


' d t U r +d x (f(U r )) =0 (t> 0 ,i 6 R), 

< U r (0,x ) = (A )^ 1 ^ ^ 2 tanlix^ (x G R), 

lim U r (t,x) = u± (t> 0). 

x —^zhoo v ' 
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(2) u- < U r (t,x) < u + and d x U r (t,x) >0 (t > 0,x £ R). 

(3) For any 1 < q < oo, there exists a positive constant C q such that 

\\d x U r (t)\\ Lq <C q (l+t)~ l+1 * (t> 0), 
\\%U r {t)\\ L '<C q (l + t)- 1 (i> 0 ). 


(4) lim sup U r (t,x) — u r (—') 
t-too \t J 


= 0 . 


(5) For any e £ (0,1), there exists a positive constant C e such that 

| U r (t,x) — u + | < C e ( 1 + t) _1+e e _ + _A+t l (t>0,x> X+t). 

( 6 ) For any e £ (0,1), there exists a positive constant C e such that 

| U r (t, x) — u-\ <C e (l + t)- 1+t e- £lx - x ^ (t>0,x<X-t). 

(7) For any e £ (0,1), there exists a positive constant C e such that 
U r (t, x) — u r <C e (l + t)~ 1+e (t > 1, X-t < x < A + t). 


( 8 ) For any (e,<?) £ (0,1) x [l,oo], there exists a positive constant C tiq such 
that 

^ 1+ ^ +e (t> 0 ). 


u r (t,-)-u r Q\\ Lg <c e>q (i + ty 


Because the proofs of (1) to (4) are given in [17], (5) to (7) are in [20] and ( 8 ) 
is in {50], we omit the proofs here. 

We also prepare the next lemma for the properties of the contact wave for 

p-Laplacian type viscosity UI ; ii-,u + ) defined by (1.11). In the following, 

V tp +i / 

we abbreviate “contact wave for p-Laplacian type viscosity” to “viscous contact 
wave”. we rewrite the viscous contact wave as 


U(t,x) = U 


X 

—r; u-,u+ 
tp+ i / 


= u+ 


tp + 1 


A — B 


tp+ 1 


(2.7) 


V0 


where 


/ 


A = A 


■P,V,u± •" 


ip- !) (w+ - u-) 


d y, 


\ P+1 


8pp(p+ 1 ) 

P-1 


(sind) P_1 d 9 


B ~ Bp * '-2np( P +iy 


. p+i i 

2A 2 <p~ 1 ) B~z 


(sin 9) P_1 d 9 = u + — U-. 





















NATSUMI YOSHIDA 


11 


Then, the following properties hold. 

Lemma 2.3. For any p > 1 and u± € R, we have the following: 
(i) U defined by (1.11) satisfies 


U e & 1 ((0, oo) X R )\ C 2 f | (t, x) e R + 


x R x = =by — 


and is a self-similar type strong solution of the Cauchy problem 

( d t U - nd x ( | dxUf- 1 d x U^ = 0 (t > 0,0 M), 


U(0,x) = u^(x ; u-,u+) = 


lim U(t, x) = u± 

x —>-±oo 


(ii) For t > 0 and i£l, 
f U(t,x ) = it_, 


(a < 0), 
(a > 0 ), 
(*>«)■ 


*< - , 


< U(t,x) < u + , d x U(t,x) > 0 \f^t,p+ 1 < x < Y^i p+1 ) , 


[ 17(t, a;) = u+, 

(iii) It holds that for any 1 < q < oo, 


x> Vs <p+1 ■ 


l d x U(t) || L i = Ci{A,B-, p,q)t (p+1) » {t > 0) 


p+2q — 1 1 i - / \ -■ 

Ci(A,B ; p,q) := 2A^ r oB~z (sinfl) P “ 1 d6 


If q = oo, we have 

\\d x U(t)\\ L oo = (2A)& t~*& (OO). 

(iv) /f holds that for any 1 < q < ^5^ w ith P > 2., or any 1 < q < oo with 
l<p<2, 

|| d 2 x U(t) \\ L o = C 2 {A,B ■ Pl q)t~xfrm (t > 0) 


C 2 (A,B- p,q) 


:= 2 


p—2 \ q , . _s±I it 

2 A~ — B\ f B\ 2 /■* 


P-1 / 


_ 2 (P~2)q , i 

(sind) P_1 (cosd) 9 d 0 
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If 1 < p < 2, for q = oo, we have 


II dlU{t) lk~ = 2A p Z\ B (f) 2 (* > 0). 

(v) It holds that 

\d x (\d x U\ p ~ l d x u) (i)|| ia = C r 3 (A,-B;p)*"^ (* >0) 

where 


C 3 (A,B-,p)~ 2 


2 B p \ f B\ H, .e±1, , 2 

U) l dd 


(vi) lim sup I 1/(1 + t, x) — U(t, x) I =0. 


t—>oo 


(vii) For any 1 < q < oo with p > 1, t/iere exists a positive constant C pq such 
that 

\\U(l + t,-)-U(t,-)\\ L9 <C p , q t- 1+ T^ (t> 0). 


3. Reformulation of the problem 

In this section, we reduce our Cauchy problem (1.1) to a simpler case and 
reformulate the problem in terms of the deviation from the asymptotic state 
(the same as in E 2 d], [H, [13). At first, without loss of generality, we shall 
consider the case where a < 0 , b = 0 and the flux function /(it) satisfies 

f f"(u)> 0 (it G (-oo, a] U [0,+oo)), 

\ f(u) = 0 (it e (a, 0 )), 

under changing the variables and constant as x — A 1 1 —>■ x, u — b i—>■ it, f(u + h) — 
f'(b) u — f(a ) i ^ /(it) and a—b i-*- a in this order. For the far field states it± £ K, 
we only deal with the typical case a < it_ < 0 < it+ for simplicity, since the case 
it_ < a < 0 < it+ can be treated technically in the same way of the proof as a < 
u_ < 0 < it+. Indeed, in the case it_ < a < 0 < it + , as we shall see in Section 4 
and Section 5, there appears the extra nonlinear interaction terms between two 
rarefaction waves u r ( | ; u_,a) and u r ( j ; 0,u+) with A(a) = A(0) = 0 in the 
remainder term of the viscous conservation law for the asymptotics U mu iti (see 
the right-hand side of (3.4)). These terms can be handled in much easier way 
by Lemma 2.2 than that for other essential nonlinear interaction terms between 
the rarefaction and the viscous contact waves. Furthermore, we should point 
out that the problem under the assumptions for the flux function (3.1) and the 
far field states a < U- < 0 < u+ is essentially the same as that for a = — oo, 
because obtaining the a priori and the uniform energy estimates for the former 
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one can be given in almost the same way as the latter one. Therefore, it is quite 
natural for us to treat only a simple case 

f f"(u) >0 (ue [ 0 , oo)), 

\ f(u) =0 (u € (-oo, 0 )), 

and assume w_ < 0 < u + . The corresponding stability theorem and our main 
theorems are the following. 

Under the situation, we reformulate the problem in terms of the deviation 
from the asymptotic state. We first should note by Lemma 2.2 and Lemma 2.3, 
the asymptotic state u r (j ; can be replaced by a following approxi¬ 

mated multiwave pattern 

U{t,x) :=U(1 + t,x) + U r (t,x), 


where 

17(1 +t,x ) = U ( -——— ; m_,0 | , U r (t,x) = U r (t,x ; 0 ,«+). 

V(1 + t)^ J 

In fact, from Lemma 2.1 (especially ( 8 )) and Lemma 2.3 (especially (vii)), it 
follows that for any e > 0 


U(t, ■) - U multi (t, •) |\ Lq < II U(1 +1, ■) - U(t , •) \\ Lt + 11 U r (t, -)~u r (-) 

< C e , q (l +t)"( 1_ ^) +£ (t > 0; 1 < q < oo). 


Then it is noted that U is monotonically increasing and approximately satisfies 
the equation of (1.1) as 

dtU + d x (f(U))-nd x ( \d x u\ p ~ 1 d x u') =-F p (U,U r ), ( 3 . 3 ) 

where the remainder term F p (U , U r ) is explicitly given by 
F p (U,U r ) :=^(U,t/ r ) 

+ nd x (\ d x U + d x U r | P ^{d x U + d x u r ) - I d x U | p_1 d x U^j 
:= - ( f'(u + U r ) - f'(U r )) d x U r - f'(U + U r ) d x u 

+ fid x ( I d x U + d x u r I P ~\d x U + d x U r ) - I 5,17 | p_1 5,17) 

(3.4) 

which consists of the interaction terms of the viscous contact wave U and the 
approximation of the rarefaction wave U r , and the approximation error of U r 
as solution to the conservation law for the p-Laplacian type viscosity. Here we 
should note that U is monotonically nondecreasing and U r is monotonically 


Li 
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increasing, that is, d x U{t,x) > 0 (t > 0, x G R) which is frequently used 
hereinafter. Now putting 


u(t,x) = U(t,x) + <f>(t,x) (3.5) 

and using (3.5), we can reformulate the problem (1.1) in terms of the deviation 
(f) from U as 

-nd x (I d x u + dx <t>\ p -\d x u + d x <!>)-\ djj | p_1 ^i/) 

< = F P (U, U r ) (t> 0,iel), (3.6) 

0(0, a:) = 4>o{x) := u 0 (x) — U(0,x) (x £ R), 

lim <f>(t, x) = 0 (t > 0). 

£—>■±00 v 7 

Then we look for the global solution in time 

(j) € C° ([ 0, oo); L 2 ) fl L°° (R + ; L 2 ) 

with 

d x (t> g L°° (R+ ; L p+1 ) nl p+1 (R+xi I ). 

Here we note the fact (f >o £ L 2 and d x (f >o £ L p+1 by the assumptions on u 0 an d 
the fact 

d x U( 0, •) = 8 X U(0, •) + d x U r ( 0, •) £ L p+1 . 

In the following, we always assume that the flux function f £ C l (R)nC 3 ([ 0, oo)) 
satisfies (3.2), and the far field states satisfy u- < 0 < u+. Then the corre¬ 
sponding our main theorems for (f> we should prove are as follows. 

Theorem 3.1. Assume that the flux function f £ C 1 (R)nC' 3 ( [0, oo)) satisfies 
(3.2), the far field states U- < 0 < u+, and the initial data <j>o £ L 2 and 
d x Uo £ L p+1 . Then, the unique global solution in time <f> of the Cauchy problem 
(3.6) satisfying 

' <f>£ C°([0,oo);L 2 ) nL°°(R + ;L 2 ), 
d x (j> £ L°° (R+ ; L p+1 ) n L p+1 (R+xl l; ), 

< d x (U + $) £ L°° [9+ \ L p+1 ) nL p+2 (R t + x {x £ R | u > 0}), 
dt(U + </>) £ L°° (R+; L p+1 ), 

_ d x [\d x (U + fi)\ p ~ 1 d x (U + fi)) eL 2 (l+xl R x ), 

lim sup I <f>(t, x) I = 0 

*->°o 


and 
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satisfies the following time-decay estimates 

I ||<Ht )||Li < C{p, q, ^o)(l + f)“^F T ( 1_ t), 

1 11 4*if) 11 L°° < C ( e ,P, 9: </>0, d x U 0 ) (1 +t)"3FFT +e , 


/or <; £ [2, oo) and any e > 0. 

Theorem 3.2. Under the same assumptions in Theorem 3.1, if the initial 
data further satisfies f>o € L 1 , then it holds that the unique global solution in 
time <p of the Cauchy problem (3.6) satisfies the following time-decay estimates 

I II </>(t) || L9 < C(p, q, fi 0 )(l+t)-^( 1 -^, 

\ II (fit) || L oc < C(e, p, q, (j> 0 , d x u 0 )(l+t)-^ +e , 


for q € [ 1, oo) and any e > 0. Furthermore, the solution satisfies the following 
time-decay estimates for the higher order derivative 

11 9xu{t) 11 LP+ 1 ’ \\9x<f{t)\\ LP+ 1 


< < 


C(e, p, (j) 0 , d x u 0 ) (1 + t) 
C(e, p, o, d x u 0 ) (1 + t) 


P 

(P+1) 2 


1<PS i2 



(p + l) 2 (3p — 2) 


_3_ 

2(p4*l)(3p — 2) 


+e 


7 

12 



(P + l) 2 (3p — 2) ^ 

-3- ‘ <P 


for any 0 < e <C 1. 

Theorem 3.3. Under the same assumptions in Theorem 3.2, if the initial 
data further satisfies O x uq € L r+1 (r > p), then it holds that the unique global 
solution in time f> of the Cauchy problem (3.6) satisfies the following time-decay 
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estimates for the higher order derivative 


d x ii(t) || Lr+1 , \\d x (j){t)\\ Lr+1 


< 


4p(r-p) + 7p + 3 

C(e, p, r, <j) 0 , d x u 0 ) (1 +t) wp+mr+n 


7 / 73 p(p + l)(3p — 2)(r + 1) -4p 2 + 7p + 3 


1 <PS l2 + V144 


2 (r - p + 1) 


e, r > 


2 p 


> P 


C(e, p, r, cj) 0 , d x u 0 ) (1 + t) 


+e 


1 < p < 


73 p(p + l)(3p - 2)(r + 1) —4p 2 + 7p + 3 

- e, p < r < - 


12 y 144 2(r — p + 1) 


2 P 


6p(r-p) + 7p+2r+3 , . 

C( e, p, r, 00, 03,^0 ) (1 + t) 2(3p+l)(3p-2)(r+l) 


/ 73 p(p+l)(3p-2)(r + l) 

^12 y 144 2(r — p + 1) 


/or any 0 < e <C 1. 

In order to accomplish the proofs of Theorem 3.1, Theorem 3.2 and Theorem 

з. 3, we will need some estimates about boundedness of the perturbation 0 and 

и. We shall arrange some lemmas for them. 

By using the maximum principle (cf. I, 0), we first have the following 
uniform boundedness of the perturbation 0 (and also u ), that is, 

Lemma 3.1 (uniform boundedness). It holds that 


sup | 0(f, x) | 

[ 0,oo),£cGK 

< sup | uq (x) | + sup \U(t,x)\+ sup \u r (t,x) I (3.7) 

xGl [ 0,oo),aiGM £G [ 0,oo),aiGK 

= 1100 ||+ 2( \u- I + |u+|), 


sup \u{t, x) I 
tG [ 0 ,oo),xGM 

< || 00 ||l°° + 2 (I u- I + I u+ I) + I u- I V I u+ I =: C. 


(3.8) 


Secondly, we also have the uniform estimates of 0 as follows (for the proof of it, 
see 0). 

Lemma 3.2 (uniform estimates). The unique global solution in time 0 of the 
Cauchy problem (3.3) satisfies the following unifoi'm energy inequalities. 
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(1) There exists a positive constant C p (<j> o) = C p ( || <po \\l 2 ) such that 

pOO 

II 4>(t) \\b + / di 

Jo 

poo poo 

+ j J {d x cf) 2 (^d^ 1 + \d x u\ p ~ l + \d x u r \ p ^) Axdt<c p {<M (t> 0 ), 

where G = G(f) is exactly given by 

G(t) := f [ 0 2 chWclx) (t)+( f (U + cj>) 2 d x U dx] (t) 

\Ju> 0 / V-'c/+0>o,c/<o / 

+ ( f (U+\<t>\) 2 d x Udx) (t). 

\Ju+<l>< 0 ,U >0 J 


( 2 ) There exists a positive constant C p (<j>o, d x uo) = G p ( || </>o ||z, 2 , || d x Uo ||lp+i ) 
such that 


n oo 

| d x u | 2 P 1 (<%u) 2 dxdt 

-00 

< G p (</>o,<9 x uo) (f >0). 


(3) There exists a positive constant C p ((j>o,d x uo) = G p ( || </>0 ||^ 2 , || d x uo ||lp+i ) 
such that 



II d x u(t) llit+ 2 ({ xeR | M>0 }) dt < C p ((j)o,d x uo) 


(t>o). 


We also prepare the precise properties for the nonlinear interaction terms 
of the viscous contact wave U and the approximation of rarefaction wave U r . 
Namely, due to Lemma 2.2 and Lemma 2.3, we can easily see the fact that for 
any t > 0 there uniquely exists i = l(t)el such that 


U(t,X(t)) =U(t,X{t)) +U r (t,X(t)) =0 (t>0). (3.9) 

that is, 


U r (t,X{t)) 


-U(t,X{t)) 




(*>«)• 


More precisely, we have the following lemma. 
Lemma 3.3. The function 


X : [0, 00 ) 9 t 


X(t) G R. 
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defined by (3.9) has following asymptotic properties. 

(i) There exists a positive time Tq such that for some 6 G 




(1 + t) P+ 1 < X(t) < w — (1 +t) P+ 1 

Id 


(t > To). 


(ii) For any e G (0,1), there exists a positive constant C PtC such that 


^ (£g) 


-Y(t) 


[[a-B e) vo) p_l de 


(i+t) P + 1 


<c P ei+tr i+e (t>T 0 ). 


(iii) There exists a positive constant C p such that 



X{t) ^ 

(1 + 1 ) P+ 1 


<Cp{l + t) P+ 1 


( t>T 0 ). 


4. Time-decay estimates with 2 < q < oo 


In this section, we show the time-decay estimates with 2 < q < oo (not 
assuming LMntegrability to the initial perturbation), that is, Theorem 3.1. 
To do that, we shall obtain the time-weighted L 9 -energy estimates to </> with 
2 < q < oo (cf. H3). 

Proposition 4.1. Suppose the same assumptions in Theorem 3.1. For any 
q G [2,oo), there exist positive constants a and C a>Ptq , such that the unique 
global solution in time <f> of the Cauchy problem (3.6) satisfies the following 
L q -energy estimate 


(l+t)°Mi)||*,+ /'*(l + T) a G q (r) dr 
Jo 

pt pOO 

+ / (1 + T) a 1 4>\ q -\d x <j>) 2 

J 0 J —oo 

( 

pt poo 

+ / (1 + T)“ / I cf 
Jo J —OO 


x \d x 


\p -1 


\djr 


\d x <f> + d x U + d x U r \ p '-\d x U + d x U 

( d x <t> + d x u + d x u r ) 2 - ( d x u + d x u r ) 

< C a , Piq \\(j) 0 \\ q L q + C {ot, p, q, fio) (l+t)“ _ ^fe+T (t >T 0 ), 


IP—1 


dxdr 


ip— i 


dxdr 


(4.1) 
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where G q = G q (t) is explicitly given by 


G q {t) := ( / \<t>\ q d x Udx ) (t) 

lu+<t>>o,u>o 


+ 


+ 


u+ 4 ><o,u>o 


u+ 4 >>o,u<o 


| <j> 1 9 ” 1 17 9a; 17 da; ) (t) + ( [ U q d x U da ) (i) 

/ V 7i/+0<o,c/>o 


4-1 


(9 i7 + (<7 ~ 1) I I) + I ^7 I 9 ) d x U da; j (i). 


The proof of Proposition 4.1 is provided by the following two lemmas. 

Lemma 4.1. For any 2 < q < oo, there exist positive constants a and C q such 
that 

(1 + t) Q || HI, + q (q - 1) [ (1 + T) a G q (T) dr 

Jo 

ft fOO 

+ Cq hi+rr i^r 2 (w ) 2 

J 0 J —oo 

x ( \d x <t>\ p ~ l + |9,U| P_1 + \d x U r \ p ~ 1 ) da’dr 

ft f OO 

+ c q (1 + T) a |</>r 2 \d x< j ) + d x u\ p - 1 ~\d x u\ p - x 

x (d x (f> + d x ll) 2 ~ (d x U) 2 da’dr 

< II 00 III, + a /*(1 + r)“ _1 || </>(r) ||| p dr 

Jo 


+ q / (1 + r) a || 0(r) |||7T 11 F p (U, U r )(r) 
Jo 

r t 

'ir 2 

lo 


L 1 


dr 


+ P1 [ (1 + r) a || <P(t) ||j 
Jo 

d x U + d x U r ) p -(d x U) p ^jdxdT (t> 0). 


(4.2) 


Lemma 4.2. Assume p > 1 and 2 < q < oo. ITe have the following interpo¬ 
lation inequalities. 

(1) For any 2 < r < oo, there exists a positive constant C Pt q ir such that 


Hit) \\l^ (L | <j> | 2 dx 

a 00 i 1 \ (3p+g-l)r 

\(t>\ q ~ 2 \d x (j>\ P daj (t>0). 


pr+p+q -1 

\ ( 3 p+,-i) r 
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(2) There exists a positive constant C p ^ q such that 

II 4>{t) I|l~ < C P , q ( f |</>| 2 d.T 


| 4> I 9-2 1 d x (j) | ,,+1 da; 


(*> 0 )- 


In what follows, we first prove Lemma 4.1 and finally give the proof of 
Proposition 4.1 (the proof of Lemma 4.2 is given in 31], so we omit here). 

Proof of Lemma 4.1. Multiplying the equation in (3.6) by \(j)\ q ~ 2 (j> with 
2 < q < oo, we obtain the divergence form 


dt( 1 \H q 

\Q 


+ d x (\(t)\ q ~ 2 4> [f{u + 4>) 


+ d x ( -(q - 1) ^ ( f(U + v)~ f{U) )\p\ q 2 dp 


+ d x ^-/j, \(j>\ q 2 cj) 

x (\d x u + (d x u + d x <t>) ~\d x u\ p ~\d x u 


+ (q - 1) J q [W + v)~ HU)) I V\ q ~ 2 d v(d x u) 

+ p(q-l) \<j >\ q ~ 2 d x (j> 

x (\d x u + d x c»\ p - 1 (d x u + d x <t>) - I d x u\ p -\d x u 
= \^\ q ~ 2 <t>F p (U,U r ). 

Integrating (4.3) with respect to x, we have 






+ J fa - 1 )J (A (U + t?) - A(t/)) 1771 9-2 dp(d x U)dx 

/ OO 

I </>| 9 " 2 d x <j> 

-oo 

X ( | djj + d x <t> I p_1 ( d x U + d x <t>)-\ d x u I p_1 {d x U)) dx 

/ OO 

| </> | 9-2 (j>F p {U, U r ) dx. 

-oo 


(4.3) 


(4.4) 
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In order to estimate the second term on the left-hand side of (4.4), noting the 
shape of the flux function /, we divide the integral region of x depending on the 
signs of U + 4>, U and <j) as 



+ v) - A(C/)) \v\ q 2 ( d x U ) dx 


CM-0>O,(7>O,0>O 


iu+4>>o,u>o,<t><o Ju+</>>o,u<o 


iu+4><o,u>o 


where we used the fact that the integral is clearly zero on the domain U + </> < 0 
and U < 0. By Lagrange’s mean-value theorem, we easily get as 



where G q = G q {t) is defined in Proposition 4.1 (cf. [20], |1§], 0). Next, by 
using the uniform boundedness, Lemma 3.1, and the following absolute equality 
with p > 1, for any a, b £ R, 

(| a \ p ~ 1 a — | b \ p ~ 1 b) ( a — b ) 

= | (i«r 1 +i6r 1 )(«-*) a +| d-r'-ifcr 1 ) (a 2 -* 3 ) 

>\ (|ar 1 + |&r 1 + |a-6r 1 )(a-&) 2 + i (|ar 1 -|&r 1 )(a 2 -& 2 


we have 

Id 
q dt 

y{q- i) 

4 

, 1 * (9 - 1 ) 


H(t)\\h+C^G q (t) 

/ oo 

\(t>\ q ~ 2 {d x (t>) + \d x U\ p + \d x U r \ p ) dx 

-oo ^ ' 

/ oo 

\4>\ q ~ 2 \d x ct> + d x u r \ p - 1 -\d x u r 

-oo 


IP-1 


(d^ + djrf- (d x u r y 


dx 


< 


\</>\ 9 ~ 2 4>F p (U,U r )dx 


We note the right-hand side of (4.5) can be estimated as 

noo poo 

1 \0\ q - 2 <fiF p (U,U r )dx < / l^l 9 " 1 F p {U,U r )dx 

—oo J — OO 

+ [ \ct>\ q - 2 \d x $\Ud x u + d x u r ) p -(d x uy)dx. 

J —oo ' ' 


(4.5) 


(4.6) 
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Thus, substituting (4.6) into (4.5), multiplying the inequality by (1 + t) a with 
a > 0 and integrating over (0, t) with respect to the time, we complete the proof 
of Lemma 4.1. 

Proof of Proposition 4.1. By using Lemma 4.1 and Lemma 4.2, we shall 
estimate the second term, the third term and the fourth term on the right-hand 
side of (4.2) as follows: for any e > 0, 


; P(1 + r) a_1 || 4>(t) \\ q Lq dr 
Jo 




(1 +r) c 


\4>\ q 2 d x (j> P+1 dx 


| </> | 2 da; 


pq+p+q—1 

3p+q-l 


dr 


< / ( (1 + r) a I \<j)\ q 2 1 d x (j> | p+1 da; 

to 


q -2 

3p+q-l 


2(pq+p+q-l) 

3 P +,- 1 dr 


< e 


X C a , p , q (1 + r) a 3 P +q-i || 0(r) \\ l2 

J ( 1 + r ) Q (/ \(t>\ q ~ 2 \d x (t>\ P+1 At 

f* 3p+g — 1 2(pg+p+g-l) 

+ C a , p , q (e) / (1 + t)“ Sp+i - 1| <j>(r) || L 2 3P+1 dr, 


(4.7) 


q I (l + TrU(r)\\rJ F p (U, U r ){r) 


L 1 


clr 


< / (1 + T Y 


\4>\ q 1 d x <p P+1 da; 


p(g-i) 

r°° \ 3p+g-l 

I " 


| (j)\ 2 dx 


F P {U, U r )(r) 


L 1 


dr 


< 


+ J 2 1 d x 4> | P+1 da; ^ 


x C Pi9 (1 + t)“ 3p+g —i || </>( r ) || L2 


2p(g-1) 

ap+g- 1 


L 1 


dT 


< e 


/(l + r)“(y l^l 9 X | d x (p | p+1 dx^ dr 


+ C p , q (e) J o (l+rrU(T)\\ii q 1} 11 F P (U, U r ){r) 


3p+g — l 
3p 


dr, 


(4.8) 
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M /'(l+rH 0 (r)||J - 2 
Jo 

X f \d x <f>\((d x U + d x U r ) p -{d x U) p )dxdT 

•J —oo ' ' 


' —oo 

rt 


< c p , q 


(l + r) c 


\4>\ q 1 d x 0 P+1 d.x 


| cj) \ 2 dx 


p(g-2) 

3p+g-l 


x (r (( d - u + d -u r ) p ~ ( 9 - u ) p ) pp d *) dr 


< / ( (1 + r)“ / | <\> | 9 2 d x <j> P+1 da; 


*(g-2) 


2y(g-2) 
I 3p+g — 1 


< e 


xC p , q (l + rr-^^U(r)\\^ 

x(/ ((a x c/ + a x c/ r ) p -(^c/f)~d a; ^ dr 

J (1 + T ) a (J I </>| 9_1 | d x (j) | P+1 d.x^ dr 


2p(g —2) 
3p+l 


+c p , g ( £ ) y (i+Tru(T)\\ L r 

, 1 3p+g—1 

a oo £±1 \ 3p+l 

((d x E/ + d x C/ r ) P -(d x C/) p J p dx) dr. 


(4.9) 
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Substituting (4.7), (4.8) and (4.9) into (4.2), we have 

(l + i)“||0(i)||*,+ Al + r)“G,(r)dr 
Jo 

/‘t /*oo 

+ / (1 + r)“/ |0|«- 2 (5^) 2 

J 0 J — oo 

x (| a ^| p_1 + | a , t /| P_1 + dxdr 


+ / (1 + r ) c 


101 


4-2 


l^+5 x c/r 1 - i^c/i 


p-i 


(a x 0 + a x i/) 2 - (a x t/) 5 


dxdr 


<C a ^ q \\(j) 0 \\ p LP +C a ^ q {e) (l + r)“ 3 P +i || ^>(r) || 


2(pq+p+q—1) 

3P+ 1 dr 


/o 


+ C p , 9 (e) / (l+r)“||#T)||f a (a 1} 11 F P (C7, ET)(t) 

2p(q~2) 

(1 + t)“|| </>(t) | 

/0 


/o 


3p+q— 1 
3p 


L 1 


dr 


/** 2p(g — 2) 

+ C M (e) / (l+r)“||^(r) || L2 3p+1 
Jo 


x 


/ OO P±i 

+ P dx 

-OO ' ' 


3p+g — l 
3p+l 


dr. 
(4.10) 

By using the L 2 -boundedness of <f>, Lemma 3.2, we first get 

II <t>{t) Ilia < C p (<j)o). (4.11) 

By using Lemma 2.2, Lemma 2.3 and Lemma 3.3, we also get 

Lemma 4.3. For any fixed, p £ (1, oo), we have the following time-decay esti¬ 
mates. 

(1) For any S 6 (0,1), there exists positive constants C p , C$ and Tq such that 

| Fp(U, U r )(t) 11 < C p ((1 + t)~& +Cs(l + ty^-V ) (t>T 0 ). 

(2) There exists a positive constant C p such that 

(J°° ({d x u + d x u r ) p ~{d x uf^ dx) (fiKCpii + t )- 1 (t> o). 

We estimate the each terms on the right-hand side of (4.10) as follows: 

F 

C a 


3p + q — 1 


'a,p,g I (l + r)“ 3 r+! II 4>{t) II L 2 

1 0 

pq+p+q—i ^ 


2(pq+p+q~l) 

3p+1 dr 


< C a , p , q (C p (<h)) 3p+1 / (1 + r)“ 3FH - dr 

Jo 

pq+p+q-1 q — 2 

<C a , p , q (C p ((/> o)) 3p+1 (l+t)“-^r, 


(4.12) 



NATSUMI YOSHIDA 


25 


nt 2 / _- Sp + g-l 

C p , q / (l+Tn|0(T)H!^- 1) F p (C/,C/ r )(r) 3P dr 

Jo L 

[\l+T) a - 2 -W^dT 

Jo 




. 2(3p+g — 1) 

) 3 (p+l) (J 7 - 


<C Pi9 (C p (0o)) |(<? 1} (1 + 0 a “^ 


/** 2p(g-2) 

/ (i+Tni^(T)ii L f +i 
Jo 


/ /•OO £±1 \ 3p+l 

(/ ((a x [/ + ^C/ r ) P -(^C/) p J P dxj (r)dr 


p(g —2) /■* 3 p+o-i 

<C p , g (C p (0o)) 3 » +1 / (1 + r)“ ap+T - dr 

Jo 

< C p , 9 ( C p ((j)o)) ^ (1 + i)“~^ • 


Substituting (4.12), (4.13) and (4.14) into (4.10), we get (4.1). Thus the proof 
of Proposition 4.1 is complete. In particular, it follows that 


\\(j>(t)\\ L <i <C(p, q, (j> 0 )(l + t) 3P+ 1 1 1 «) 


for 2 < q < oo. 


Proof of Theorem 3.1. We already have proved the decay estimate of 
|| cj)(i) \\ L q with 2 < q < oo. Therefore we only show the L°°-estimate. We first 
note by Lemma 2.2 and Lemma 2.3 that 

|| 9 x </>(t) || P p+! 

< \\dMt)\Cl + \\d x U r {t)\\ P L + P l (4-16) 

< C( II 0o Ik 2 , II d x uo ||lp+i ) + C p ( 1 + t) 1 . 

We use the following Gagliardo-Nirenberg inequality: 

ii ho ik- < c qfi \\ m ul/ii d x m ii1p + i (4.i7) 

for any (q,0) G [l,oo) x ( 0 , 1 ] satisfying 

JL-9 = 0-9)~. 

p + i q 

Substituting (4.15) and (4.16) into (4.17), we have 

II HO Ik- < C'(P) 9: 0, 0o, <9x«o ) (1 + i) — aiMTiC 1 —^)d—01 

< C(p, 0 , 00, 5 x u 0 ) (1 + 1 )“ w+^TT 
for (0,1 ]. Consequently, we do complete the proof of Theorem 3.1. 


(4.18) 
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5. Time-decay estimates with 1 < q < oo 

In this section, we show the time-decay estimates with 1 < q < oo and time- 
decay estimate for the higher order derivative in the L p+1 -norm, in the case 
where f >o € L 1 fl L 2 with ctpuo € L p+1 , that is, Theorem 3.2. Then, we first 
establish the L 1 -estimate to the solution <j> of the reformulated Cauchy problem 
(3.6). To do that, we use the Friedrichs modifier ps*, where, ps(4>) '■= \p (f) 
with 


p £ Cq°( R), p(f>) >0 (0 £ R), 

/■OO 

supp{p} C {0 £ R I I 0| < 1} , / p(0)d0 = l. 


Some useful properties of the mollifier are as follows. 

Lemma 5.1. 

(i) lim (pg * sgn) (</>) = sgn ((f)) (0 £ 1), 

< 5—>0 

(ii) Jim / (p s * sgn) (? ? ) d ?7 = | </> | (0 e R), 


< 5->0 


(hi) (ps * sgn) 


= 0 , 


6=0 


( iv ) ^ (PS * sgn) (0) = 2 ps(<j>) > 0 


where 


and 


(ps * sgn) ((/)) := 


(0 £ R), 

Ps((t>- y)sgn(y)Ay (0 £ R) 


sgn (<t>) := 


-1 

0 

1 


(0<O), 
(0 = 0 ), 
(0 > 0 ). 


Making use of Lemma 5.1, we obtain the following L 1 -estimate. 

Proposition 5.1. Assume that the same assumptions in Theorem 3.2. For 
any p > 1 and any e > 0, there exist positive constants C p and C e such that 
the unique global solution in time 0 of the Cauchy problem (3.6) satisfies the 
following L 1 -estimate 


II 4>(t) lU 1 < II 0o IIl 1 + c p (l + 1 ) p +i + c e (l + 1 ) 


— 2(1 —e 


(t>T 0 ) (5.1) 


for any e > 0. 

Proof of Proposition 5.1. Multiplying the equation in the problem (3.6) by 
(ps * sgn) (<p), we obtain the divergence form 
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{ps * sgn) ( 77 ) d 77 J 
+ dx ^ {ps * sgn) (<£) (/(£/ + </>)- /(f/))^ 

+ 9 , [-J\fw+v)- m d (p * d * sgn) (?? ) d?? ) 

+ <9 X ^ -/x (ps * sgn) (</>) 

x (\d x U + d x <f>\ p - 1 (d x U + d x <t>) - |0 I E7| p_1 (0 x tf))) 
+ J* (\(U + 77 ) - A(£/)) d( ^ Sgn) (r?) dry (0 X E7) 

+ M d(p^sgn) w ^ 

x (|a x tf+ d x 0| p_1 (a x i7 + d x 0) - |0 x ir | p_1 (a x tf)) 

= (pi*sgn) {(/>)F P (U, U r ). 

Integrating (5.2) with respect to x and t, we have 



/ oo /■<£(*) 

/ (pi * sgn) ( 77 ) drydx 

-00 J 0 


' —00 «/ 0 

/*oo 


+ 


+ 


+ 


(A(I7 + 77 ) - A(<7)) d , bgn ' > ( 77 ) dry (<9 X I7) dxdr 
0 J- 00 JO a< P 


> 0 J —oo 
r»£ /»oo 


0 J —oo 


d (pg * sgn) 
d (j> 

d {ps * sgn) 
dcj> 


(</>) {dx<t>Y ( \d x (/)\ P 1 + \d x U\ p dxdr 

{4>) | Id^ + d^- 1 - \d x u\ p ~ 1 

{d x <t> + djj ) 2 - ( d x \J ) 2 | dxdr 


/ OO nq) 0 

/ (p 5 * sgn) ( 77 ) d^ dx 

-00 J 0 

rt /»oo 

+ / / (p <5 * sgn) (</>) F P {U, U r ) dxdr. 

J 0 •/ — 00 

By using Lemma 5.1, we first note that for t £ [0, 00 ), 



(p<5 * sgn) ( 77 ) d ?7 


< (p 5 * sgn) (| <j>{t) |) | (f>{i) | < | (/>{t) I, 


/ oo r-<t>(t) 

/ {ps * sgn) ( 77 ) dr] 

-00 Jo 


HWWli. 


(5.2) 


(5.3) 


(5.4) 

(5.5) 
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We also note the following (the proof is similar to the one in 
Lemma 5.2. It holds that 

'* l,) (\(U + ’l)~ A(f/)) “ <W * Sg °' 

I —oo J 0 


J°° £ {t) (a (U + rj) — A(17)) d(p y gn) (^) dp ( d x U) dx 


> C“ 


r-101 


cr 


c 


-i 


lu+<l>>0,u>0 


'E/+0>O,E/<O 


lu+(j><0,u>0 


vps(v) dp 


(a x 17) dx ] (f) 


-101 


(f 7 + p) p s (rj) dp 


(d x U) dx (t) 


-101 


U p s (p) dp 


(d x U) dx j (t) >0 (t > 0). 

(5.6) 


So we can get 


110(0 II l 1 < 1100 || li +]im 


< II ||n + ljm 


+ n lim 

< 5-)-0 


' —OO 
/•OO 


(pa * sgn) (0) F p ([7, U r ) dx 
(ps * sgn) (0) F p (17, /7 r ) dx 


dr 

dr 


(5.7) 


(Ps * sgn) (</>) 


xa E (|a c t/ + a E cr| p 1 (a x [/ + a :c f/ r ) - |a x [/| p 1 (9 ;c t/))dx dr 

Noting by the asymptotic prorerties of X(t) (t > T 0 ), Lemma 3.3, that 

/ r x (t) r°° \ 

/ +/ I A(Z7 + U r ) — \(U r ) I d x U r dx 

\J-oa JX(t) J 

< Cp(l +1)- 1 -^ + C7 e (l + (e g (0,1)) 


and 


/ oo _ 1 

A(t/ + f/ r )0 x t/dx< ^(l+f)- 1 "^ +C e (l + t)- 1 - (1 " 2e) (ee (0,1)), 

-oo 

we immediately get 


lim 

( 5—>0 


(0 


(ps * Sgn) (<fi) F P (U, U r ) dx 

•OO 

| sgn(0) | F P (U, U r ) dx 'j (t) 

OO J 

< Cp(l + t)-^ +C e ( 1 + t)~ 2{1 ~ e) (t>To). 


< 


(5.8) 
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Next, we estimate 

/ OO . , 

(ps * sgn) (</>) d x (| d x u + d x u r | p_1 ( d x u + d x u r ) -1 d x u | p_1 ( d x u )) da 

-oo ' ' 

<P J (ps * Sgn) (<j)) ((d x U + d x U r ) p 1 -(d x U) p 9^17 da 

/ OO 

(ps * sgn) (0) ( d x U + d x ll r ) P 1 d 2 x U r da; . 

-OO 

By using Lagrange’s mean-value theorem, we have 

(ps * sgn) (</>) ( ( d x U + d x U r ) P 1 - ( d x U ) P 1 ) 9 X 17da; 

/ OO 

(pi * sgn) (0) ( d x U ) P 2 9 x 17 r 9 X 17 da; (1 < p < 2), 

-OO 


< 


(P~ !) 


(pa * sgn) (0) (9 X (7 + 9 x 17 r ) p 2 9 x 17 r d^U da; 


(P> 2)- 


By using Lemma 2.2 and Lemma 2.3, we have for 1 < p < 2, 

\p-2 


lim 

( 5—>0 


< 


f (pa * sgn) (<f>) ( d x U ) P d x U r d 2 x U da 

— OO 

r^A+t)^ 

/ t (9 x C/) p_2 9 a: C/ r |^C/|da 

'-V*A+t)» +1 


(t) 


(5.9) 


. , fVjQ +*)> +1 

<C p (l + t)~( 1+ ^ 


(1 + 1 ) P + 1 


—— da; 


<C p (l + t) P+ 1 (t>T 0 ), 

and for p > 2, 

/ OO 

(pa * sgn) (</>) (9 X £/ + d x U r ) p 2 d x U r dlU dx ( t ) 

-oo 

/ oo /*oo 

(9 x /7 ) p ^ 2 9 X CT I 9^17 I da + C p / ( d x U r ) p_1 1 9^171 da 

-oo J — oo 

< (7p(l + i)"i& + Cp(l + i)-(p- 1+ 5 Tt) 

/‘V / 1"( 1 +77f t 


(5.10) 


A — B 


'-sf^A+t)*^ 


(1 + <)p +1 


(1 + t)p +1 


-j— da 


< C p (l + t) P+ 1 + C p (l + t) p +1 

< C p (l + t) _ 5^FT (t >Tq) . 
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Similarly, we have 

/ OO 

(ps * sgn) (<j>) ( d x U + d x U r ) p 1 d 2 x U r da; (t) 

(5.11) 

< C p ( 1 + t) p+1 (t > Tq ). 

Then, substituting (5.8), (5.9), (5.10) and (5.11) into (5.7), we have the desired 
id-estimate (5.1). 

Next, we show the time-weighted L 9 -energy estimates to <fi. 

Proposition 5.2. Suppose the same assumptions in Theorem 3.2. For any 
q € [l,oo), there exist positive constants a and C atPtq , such that the unique 
global solution in time <j> of the Cauchy problem (3.6) satisfies the following 
L q -energy estimate 

(l+trU(t)\\l q + Al + r)“G 9 (r)dr 
Jo 

ft fOO 

+ / (1 + r) a 1 4>\ q -\d x <t>) 2 

J 0 J —oo 

x ( |0 a .0| p_1 + |a x C/| p_1 + \d x U r \ p ) da;dr 

ft fOO 

+ / (1 + T) a \fi \ q - 2 \d x d> + d x u + d x u r \ p - 1 -IdxU + d ^- 1 

x | ( d x <\> + d x U + d x U r ) 2 - ( d x U + d x U r f | da;dr 
< C a ^ q \\ <j> 0 111, + C{a, p, q, fi 0 ) (1 +t) a_ V (t > To). 

(5.12) 

The proof of Proposition 5.2 is given by the following two lemmas. 

Lemma 5.3. For any 1 < q < oo, there exist positive constants a and C q such 
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that 

(1 + t ) a || <t>{t) |||, + q (q - 1) [ (1 + t)“G 9 (t) dr 

Jo 

ft fOO 

+ C q (1 + r)“ / |^r 2 (^) 2 

J 0 J — oo 

x ( |a^| P_1 + |0 x tf| p_1 + la.t/’f -1 ) da’dr 

/>£ /»oo 

+ c q (1 + T) a |</>r 2 |a c 4> + a c t/| p “ 1 -|a c G | p_1 

J 0 J — oo 

x ( d x (f) + d x U) 2 - (d x U) 2 da’dr 

< II 0o HI, + a f*{1 + t)“ _1 || 4>(t) ||| p dr 
do 

+ q Al + rr||0(r)|||- 1 F p (U,U r )(r) dr 
do L 

+ G, f (l+r) a y p (cl>,U,U r )(r)dT (t>T 0 ), 

Jo 

(5.13) 

where 

F p (<t>,U,U r )(t) 

i U(t)\\ q L ~J p d^d^ + d^Y~{d x u) p ^dx it) (l<g<2), 
( II </>(*) III- 2 J ((d x U + d x U r Y ~(d x UY)~ d® (i) (<Z>2). 
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The proofs of Lemma 5.3, Lemma 5.4 and Proposition 5.2 are given in the quite 
similar way as those of Lemma 4.1, Lemma 4.2 and Proposition 4.1, so we omit 
them. We particularly note that we have by Proposition 5.2 

II (t>{t ) ||li < C(p, q, </>o ) (1 + (5.14) 


for 1 < q < oo. 

We shall finally obtain the time-decay estimates for the higher order deriva¬ 
tives, that is, d x (j) and d x u, and also get the L°°-estimate for cf. 

Proposition 5.3. Suppose the same assumptions in Theorem 3.2. There exist 
positive constants a and C a , p , such that the unique global solution in time (j> of 
the Cauchy problem (3.6) satisfies the following L p+1 -energy estimate 

pt pOO 

(l + t) a \\d x u(t)\\ p L + P l 1 + / (1 + r)“ / \d x u\ 2{p ~ 1) (d 2 x u) 2 dxdr 

J 0 J —oo 

+ / (1 + r) Q || d x u(r) || p +| 2 dr ( ' 5 ' 15 ' ) 

Jo 

< C atP \\d x u 0 \\ p +l,+C{a,p, 4, cUo) (1 +t) a ~^ ( t>T 0 ). 


To obtain Proposition 5.3, we first show the following. 

Lemma 5.5. It follows that 

(i+tr\\dMt) \ci 

pt poo 

+ pp 2 (p+l) (1 +r) Q / \d x u\ Ap 1 (dlu 

J 0 J —oo 

+ p f\l + r) a f f"(u)\d x u\ p+2 

Jo J d x u> 0 

= II d x u 0 ||^t+i + a [ (1 + t) q_1 || d x u{r) ||^t+i dr 
Jo 

+ p[\l + r) a [ f"(u) \d x u\ p+2 

Jo J d x u< 0 

Proof of Lemma 5.5. Multiplying the equation in the problem (1.1), that 

is, 

d t u + 4 (/(«)) =pd x (\d x u | p_1 d x u ) 

-4 ( | 4 u | p_1 4 , 


) 2 dxdr 


dxdr 


(5.16) 


dxdr (t >Tq). 


by 
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we obtain the divergence form 
1 


d t 


j-1 d x u | p+1 ^ + d x ( - | d x u | p 1 d x u ■ d t u ) 


d x - 


P 


p+ 1 


/'(it) | d x u 


ip+i 


(5.17) 


+ 1 /"(it) | d x u\ p+1 d x u + /ipq | d x u \ 2(p 1] (dlu) = 0. 

Integrating the divergence form (5.17) with respect to x, we have 
1 d 


p+ 1 


1 /*00 
^ II 9 x u(t) ||^+i + /ip 2 J \d x u\ 2{p ~ 1] (d 2 x u) 2 Ax 

OO 


P 


/ OO 

/"(it) | 9a;It | P+1 9 x lldx = 0. 

-OO 


(5.18) 


P+U-c 

We separate the integral region to the third term on the left-hand side of (5.18) 


as 


/ OO 

/"(it) I d x u | p+1 d x udx 

-OO 

-L 


' d x u> 0 J d x u<0 


(5.19) 


= [ /"(it) I 9a;it | p+2 da; - [ /"(it) | 9a,it | p+2 dx. 

J d x ii>0 J d x u<0 

Substituting (5.19) into (5.18), we get the following equality 

^ \\d x u{t)\\ p +l 1 + /ip 2 j \d x u\ 2{p ~ 1) (d*u) 2 dx 

H- [ f"{u) | 9 a .it | p+2 dx = —f f"{u ) | 9ait | p+2 dx. 

Pd-lJd x u> o P+l/a x u<o 

(5.20) 

Multiplying (5.20) by (l + f)“ with a > 0 and integrating over (0, t) with respect 
to the time, we complete the proof of Lemma 5.5. 

Proof of Proposition 5.3. We use the following important results (cf. 0)- 
Lemma 5.6. For any s > 0, there exists a positive constant C s such that 

[ /"(it) | 9^it | s dx < C s f I d x <j> | s dx. (5.21) 

J d x .u<Q Jd x u<0 


In fact, taking care of the relation by using Lemma 2.2 and Lemma 2.3 
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we immediately have 


/ d x u<0 


f"(u) | d x u \ s dx 


< 2 s max f'{u) 

V M<c 


/ d x (p<0,d x U<\d x (/)\ 


| d x (j)\ s dx. 


Since d x u is absolutely continuous, we first note that for any x 
K. | d x u < 0 }, there exsists Xk 6 M U {—oo} such that 

d x u(x k ) = 0, d x u(y) < 0 (y <E (x fc ,x)). 

Therefore, it follows that for such x and Xk with q > p{> 1), 

\d x u\ q = {-d x u) q =q f (-9 x u) 9_1 ( —d x u) d y 
Jx k 

By using the Cauchy-Schwarz inequality, we have 
Lemma 5.7. It holds that 


I d x u | p+2 dx 


' d x u<0 

< a 


/ \d x u\ 2{p 1] (dlu) z dx 

/ d x u< 0 


I d r u | p+1 dx 


/ d x u< 0 


By using Young’s inequality to (5.25), we also have 

Lemma 5.8. It follows that for any e > 0, there exists a positive 
C p (e) such that, 


| P + 2 


' d x u <0 


dx 


< e f \d x u\ 2{p ^ {d x u) 2 dx + C p (e) 
J 3 X U< 0 


f | d x u | p+1 

J d x u< 0 



(5.23) 


e {x e 


(5.24) 


3p+2 

3p+l 


(5.25) 


constant 


3p + 2 
3p 


(5.26) 
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By using Lemma 5.6, Lemma 5.7 and Lemma 5.8 with e = —S—iE+ll^ we have 

(i+tr\\d xU (t)\CU 

pp 2 {p + 1) f* . \a f°°\ a |2(p—1) / o2 \2 , , 

H-r- / (1 +t)“ / |9 x u| (o>) da-dr 

^ do d-oo 


+ p f (1 + r) Q f f"(u ) I d x u | p+1 dadr 

</ 0 «/ c?~u>0 


<l|3*«o||£ii 


+ a f (1 + r)“ 1 ( || d x 0(r) 11 ^++! + || djj (r) ||£++! ) dr 


+ C p / (1 + r) a ( / | d x u | p+1 da- ) dr. 

J 0 \ Jd x u<0 / 

By using Proposition 5.2, we get the following time-decay estimates. 

Lemma 5.9. There exist positive constants a 1 and C a , P ,q, such that 

pt r oo 

J (1 + T) a J \^\ q - 2 (d x ^) 2 + \d x U\ P ~ 1 + \d x U r \ P ~ 1 ) dxdr 

< C{a, p, q, 00 ) (1 + t) a ~^ (t>T 0 ). 


By using Lemma 5.9 with ai-> a - 1 > 1 and q = 2, we have 

a f (1 +r) Q_1 || d x <j){T) ||^t+i dr < C (a, p, 0 O ) (1 +t) a ~^. 
Jo 

We can also estimate by using Lemma 2.2 and Lemma 2.3 as 

a f* (1 + r)“ -1 1| d x U(r) || p ^+i dr < C (a, p) (1 +t) a ~&. 

Jo 

By using the uniform boundedness in Lemma 3.2, that is, 

II d x u(t) ||^t+i < C P ( II 0o ||l 2 , II d x u 0 ||lp+i ) 
and Lemma 5.9 with q = 2, we can estimate as 

C p [ 0+ T ) a ( [ | d x u | p+1 Ax') dr 

Jo \Jd x u< 0 / 

r* r ,, 2 fp+n 

<C P (1 + r)“ / \ d x (/) \ p+ dx ■ \\ d x u{r) \\ LP % dr 

Jo J d x u< 0 

pt poo 

<C(p, 00, d x u 0 ) / (1 + r) Q / I d x (j) | p+1 dadr 
J 0 J — oo 

< C(a, p, 0o, ^no) (1 +t)“ _5? . 


(5.29) 

(5.30) 

(5.31) 
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Substituting (5.29), (5.30) and (5.31) into (5.27), we complete the proof of 
Proposition 5.3. In particular, we have 


|| d x u(t) ||£p+! dr < C (p, 0 O , d x u 0 ) (1 + 1) i, (5.32) 


and 


ii d x m r+u dr < ii d xU (t) r+u + n 

< C(p, <t> 0 , d x u 0 ) (1 + t)~& 


(5.33) 


for 1 < q < oo. 


Proof of Theorem 3.2. We already have proved the decay estimate of 
II 4>{t) ||li with 1 < q < oo. Therefore we only show the following time-decay 
estimate for the higher order derivative 


9Mt) || 

LP+ 1 ’ ll3s<K*)ll LP + 1 
C( e, P, 00, d x U 0 ) (1 + t)~ (r+D 2 


< < 


1<P ^12 + 


7 / 73 (p + l) 2 (3p — 2) 


144 


C(e, p, 0 O , d x u 0 ) (1 + t) 2(p+d(3p-2) 


+e 


7 , / 73 (p + l) 2 (3p — 2) 


12 V 144 


e < p 


(5.34) 


for any 0<eCl, and the L°°-estimate for 0. 

We first prove (5.34). Substituting (5.32) into (5.31), we have 

r* r ,, 2(p+i) 

C p (1 + r) a / | d x (j) \ p+ dx • || d x u{r) dr 

J 0 J d x u<0 

nt poo 

< C(p, 00, d x u 0 ) / (1 + t)“~^'^ / \d x (j)\ p+1 dxdr. 

J 0 J — oo 


(5.35) 


By using Lemma 5.9 with 1 and q = 2, we also have 

af (1 + t)“ -1 || 9 x 0(r) 11^++! dr < C(a, p, 0 O ) (1 + (5.36) 

Jo 
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Substituting (5.36) into (5.27), we have 

\\d x u(t)\\ p L :i, \\d x m\Ch 

< C(p, 4>o, d x uo ) 

X ^ (1 + t) +(l+t) _ P+l + (1 + t) _ ( 2^'3P + 2p) ^ 

< C(p, 4>o , d x u 0 ) ((1 +t )~pTT + (1 + ^ 

Iterating “oo”-times the above process, we will get 

II d Mt) ||it+i> ll< 9 *0(t)||£t+i 

< C'( e, p, 0o, c/z«o ) 


(1+t) p +1 +(l+t) pn =o 


_ J_ y' f JL ')' 

2p ^\ 3p ) 


+e 


< C(e, p, 0 O , d x u 0 ) ((1 -ft) »+ 1 +(l+t) 2(3 P 3 -2) + e 
f C(e, p, 0o, d^uo) (1 +t) - ^ 


< < 


1<p< L + J2±-k±llA^A c 

1 ~ 12 V 144 3 


C(e, p, 0o, 0xUo) (1 + *) 2(3p " 2) 


+e 


7/73 (p + l)(3p-2) 


12 V 144 


e < p 


(5.38) 


for any 0<eCl. 

Thus, we get (5.34). 

We finally show the L°°-estimate for 0 by using the Gagliardo-Nirenberg 
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inequality. Substituting (5.14) and (5.34) into (4.17), we get 


L 


{ C(e, p, 9 , fa, d x u 0 ){l + t) 


_1_ _i_ f 2p + l _ p _\ 

2 p'\ 2p(p+i) (p+i)2 y 


0 


< < 


1 <p <l + J2L-<Z±imzy e 

1 ~ 12 V 144 3 


_1 i ( 2p+l _3_ 

C(e, p, 9, 4o, d x uo ) (1 + t) 2p 1 ' 2 p ( p+ 1) 2(p+DC3p-2) 


i +e ) 6 


12 


7 / 73 {p + l) 2 (3p — 2) 


144 


e < p 


(5.39) 


for 0 G (0,1] and any 0 < e « 1. Consequently, we do complete the proof of 
Theorem 3.2. 


6. £ r + 1 -estimate for the higher order derivative with r > P 

In this section, we show the time-decay estimates for the higher order deriva¬ 
tive in the L r+1 -norm with r > p, in the case where 4o G L 1 n L 2 with 
d x uo € L p+1 fl L r+1 , that is, Theorem 3.3. 

Proposition 6.1. Suppose the same assumptions in Theorem 3.3. For any 
r > p, there exist positive constants a and C atPtr , such that the unique global 
solution in time <fi of the Cauchy problem (3.6) satisfies the following L r+1 - 
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energy estimate 

ft nOO 

(1 + f) a || d x u(t) H^t+i + / (1 +t) q / \d x u\ P+r 2 ( d^u) 2 dxdr 
J 0 J— oo 

+ / (1 + r ) Q |l d x u(r) || 2 t +2 cIt 

JO 

< Ca.p.rU 4«0 ll^t+i 

/ _ 4p(r — p) + 7p + 3 

C(a, e,p, r, </ 0) 4w 0 ) (1+0 6p < p+1 > 


, „ / 7 / 73 (p+l)(3p-2) ^ —4p 2 + 7p + 3 ) 

1<PS I2 + VI34 -5- e ' r> - 2p - >P ' 


2(r —p+1) ^ 


C(a, e, p, r, <f) 0 , d x u 0 ) (1 + t) a p + 1 + 3 p 


+ < 


( l<p< L + ,AAl±m 

^ y ~ 12 V 144 3 “ 2p 

p+2r - 2(r —p + 1) 

C(a, e, p, r, 4> 0 , d x u 0 ) (l+t) a ^^ s ^y 355 e 


7/73 (p+l)(3p-2) 


12 V 144 


e < p 


( 6 . 1 ) 


/or t >Tq and any 0 < e <C 1. 

The proof of Proposition 6.1 is given by the following three lemmas. Because 
the proofs of them are similar to those of Lemma 5.5, Lemma 5.6, Lemma 5.7 
and Lemma 5.8, we state only here. 

Lemma 6.1. There exist positive constants C p/r and C aiP ^ r such that 


(i + 0 a II44011^ 


pt roo 

+ ppr(r + 1) / (l+r) Q / | d x u | P+r “ ( d x u )" dxdr 

J 0 J —oo 

+ r ( (1 + r)“ f f"(u) I d x u | r+2 dxdr 
J 0 J d*u>0 


< || 4MO ||lp+i 


/ 2p+r+l 

(1 + r)^ 3p+1 


( 6 . 2 ) 


I <9 r i/. | p+1 dx 


P+2r+l 

3p+l 


dr 


t . P+2r+2 

+ C p , r [ (1 + rW [ |cU| p+1 dx) 3P dr (t>T 0 ). 

JO \ Jd x u <0 / 
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Lemma 6.2. Assume p > 1 and r > p. We have the following interpolation 
inequalities. 

(1) There exists a positive constant C PtT such that 


| d x u(t) H^r+l ^ Cp,r 


\d x u | 2(p ^ (dlu) 2 dx 
I d x u | p+1 dx 


_ r ~P 

(2p+r+l)(r+l) 


p+2r+l 

(2p+r+l)(r+l) 


I d x u< 0 

(2) There exists a positive constant C p , r such that 

( /»oo 

/ \d x u\ 2{p ~ 1) (dlu) dx 

.7—00 


(*>o). 


d T u | p+1 dx 


/ d x u< 0 


(*>«)• 


Lemma 6.3. Assume p > 1 and r > p. We have the following interpolation 
inequalities. 

(1) There exists a positive constant C p , r such that 


d x u(t) || iS +i ({ a xM<0}) < C Ptr f t \d x u\ 2(p 1] (dlu) 2 dx 

\ Jd x u <0 


_ r~P 

(2p+r+l)(r+l) 


/ | d x u \ p+1 da; 

/ d x u< 0 

(2) There exists a positive constant C p , r such that 


p+2r+l 

(2p+r+l)(r+l) 


(t>0). 


d x u(t) IIl“({ 9 x h<o}) < C P} r ( / \d x u\ 2(p x) (dlu) 2 dx 


' d x u< 0 


I 9 x u \ p+1 dx 


' d x u <0 


(*>o). 


Proof of Proposition 6.1. By using (5.34), we estimate the each terms on 
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the right-hand side of (6.2) as 


/ 2p+r+l 

(1 + t) Q 3p+1 


I d x u | p+1 da; 


p+2r+l 

3p+l 


dr 


/ 2p+r+l p(p + 2r+l) 

C(a, e, p, r, (j>o, d x uo) / (1 + r)“ 3p+1 (p+dop+d dr 

J o 


< < 


1<p< L + JJ^-k±mzA t 

1 - 12 V 144 3 


„ / , - 2p+r+l 3(p + 2r-+l) , p + 2r+l . 

C(a, e, p, r, (j>o, d x uo) / (1 + r) 3p+1 2(3 p+i)( 3 p- 2 ) 3 p+ 3 dr 


7 , . / 73 (p+l)(3p-2) 


^12 V 144 
f C(a, e, p, r, </>o, 5 x m 0 ) (1+ 0 a_FFT 


e < p 


1C.P<77T + V777- 


12 


73 (p + l)(3p-2) 


144 


< < 


C( a, e, p, r, </> 0 , <9 x u 0 ) (1 +t) Q 


6p(r-p) + 7p + 2r + 3 . p + 2r+l 
2(3p+l)(3p-2) l " 3p+l 




(P+1K3P-2) 

3 


(6.3) 
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C Pt r / (1 + r)“ I / | d x u 

JO \Jd x u< 0 

rt 


|P+1 


dx 


P + 2r+2 
3p 


dr 


/o 


< / (1 + r) Q ( / I d x 0 | p+1 dx ) II cU(r) || iP+1 3p dr 


2(p+l)(r-p+1) 
3p 


< < 


/ 2(r — p+1) . 

(1 + t)“ 3(p+1) || d x <j>{T) ||^+! dr 


7/73 (p+l)(3p-2) 


1 < P - 12 + V 144 


C{a, e, p, r, (j) 0 , d x ii 0 ) f (1 + r) Q + ( 3 * + >e || d x 0(r) dr 

Jo 


for any 0<e<l. 

By using Lemma 5.9 with 


7 , 173 (p+l)(3p-2) 


12 + V 144 


e < p 


(6.4) 


< 


Q/ — 


2(r — p + 1) 

3(p+l) 

/ r—p+1 2(r — p+1) 


1<p< L + JJL.k±mzA t 

^ - 12 V 144 3 


Vp(3p-2) 
and q = 2, we get 


Cp,r / (1 + '7") c 


C^cUCO 


3p 


I c^it | p+1 dx 


7 , / 73 (p+l)(3p-2) 


12 V 144 


e < p 


p+2r+2 

3 P 


dr 


_ 4p(r — p) + 7p+3 

C( a, e, p, r, 0 O , ) (1 + t) a ^ 


< < 


1 < p < 


12 


73 (p + l)(3p — 2) 
144 3 


C(a, e, p, r, 0 O , d x u 0 ) (1 + t) c 


P + 2r ■ 2(r-p+l) 
' 2p(3p —2) “ r 3p 




(p+l)(3p-2) c< ^j 


(6.5) 


for any 0<e<l. 
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Substituting (6.3) and (6.5) into (6.2), we have 


(i+tni3 x «(f)ir +1 


L r + 1 


rt /»oo 

+ / (1 + r) a / \d x u\ r+ ' 2 (d x u) 2 da’dr 

J 0 J —oo 

+ [ (1 + t)“ f f"{u) | d x u \ r+2 dxdT 

do Jd x u> 0 

^ ^a,p,r|| d x Uo ||lp +1 

( C(a, e, p, r, 4> 0 , d x u 0 ){l+ t) a 

/ p 4p(r-p) + 7p+3 \ 

X ( (1 + t) P+ 1 + (1 + t) ep(p + l) j 


+ < 


1< p<l + ./2i_(p±ife^) e 

y ~ 12 V 144 3 


C(a, e, p, r, <fo, 5 x w 0 )(1 + t) 
x 


/ 6pQ—p) + 7p+2r+3 | p+2r+l „ p + 2r , 2p—p+1) , 

I (1 -f t) 2(3p+l)(3p-2) r 3p+l e -f- (1 -J- 2p(3p-2) 3p 


7 73 (p+l)(3p-2) _ 

12 + V 144 3 P 


( 6 . 6 ) 


for any 0<e<l. 

Here, we note the following: if 1 < p < yg + \/ jjy — ^ < 7+ r 2 ^ ) > 

then 

—4p 2 + 7p + 3 


P < 


2 p 


Therefore, it follows that 


r 4p(r —p) + 7p+3 

(1 +t) FFT < (1 + t) Si^+T) 


and 


4p(r-p) + 7p+3 _p_ 

(1 + t) SpIp+T <(l+f) P+ 1 p<r< 


—4p“ + 7p + 3 

r > --- > p 

2 P 

—4 p 2 + 7p + 3 


2 p 


If e < ( 3 p_ 2 ) \ 9 p‘i-p- 2 t- 2 1 ’ then > for any p > 1 with r > p, 


(1 -|- £) 2(3p+l)(3p-2) V 3p+l e < (1 + t) 2p(3p —2) 


Thus, we do complete the proof of Proposition 6.1. 
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